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Abstract
We explore the implications of hidden symmetries present in a particular quantum cosmological
setting, extending the results reported in [1, 2]. In more detail, our case study is constituted by a
spatially closed Friedmann-Lemaˆıtre-Robertson-Walker universe, in the presence of a conformally
coupled scalar field. The su(1, 1) hidden symmetries of this model, together with the Hamiltonian
constraint, lead to the gauge invariance of its corresponding Bargmann indices. We subsequently
show that some factor-ordering choices can be related to the allowed spectrum of Bargmann indices
and hence, to the hidden symmetries. Moreover, the presence of those hidden symmetries also im-
plies a set of appropriate boundary conditions to choose from. In summary, our results suggest
that factor ordering and boundary conditions can be intertwined when a quantum cosmological
model has hidden symmetries.
PACS numbers: 98.80.Jk, 04.60.Ds, 98.80.Qc
1 INTRODUCTION
An important issue in theoretical cosmology is the choice of an initial condition for our Universe to
evolve from. Although some features of the observed Universe are explained by the hot big bang
model, it faces the problem of describing properties such as its spatial flatness and isotropy, plus the
origin of density fluctuations. The inflationary scenario [3] proposes to solve these problems with
adequate density fluctuations being obtained if the matter fields start in a particular quantum state
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[4]. Notwithstanding the success so far achieved by the inflationary paradigm [5], in order to have a
complete understanding of the present observable state of the Universe, the initial condition problem
must be addressed.
The Wheeler-De Witt (WDW) equation plays an important role in quantum cosmology [6], de-
termining the wave function of the Universe. A framework that has been usually employed is the
Hamiltonian formulation of general relativity introduced by Arnowitt, Deser and Misner (ADM), by
means of a decomposition of the spacetime manifold [7]. Nevertheless, there are pertinent technical
challenges [8].
The WDW equation has many solutions: to single out an appropriate quantum state, a sensible
procedure assisting in the selection of boundary or initial conditions is needed [9]. Different approaches
have been suggested to address the problem of boundary conditions, but these were not conveyed as
part of a dynamical law [10]. Let us elaborate more on this. The motivation behind the no-boundary
approach [11] was to surmount the initial singularity by determining the wave function of the Universe
through a path integral over compact Euclidean geometries. The tunneling proposal [12] determines
the wave function to be bounded everywhere and includes only outgoing modes at the singularity. Two
other proposals, the vanishing of the wave function or its derivative with respect to the scale factor at
the classical singularity [13, 14], have also been used to specify the wave function of the Universe.
In addition, specific settings in quantum cosmology often require factor-ordering choices within the
WDW equation to be investigated. It has also been stated, however, that the factor-ordering question
is not very important to the theory as a whole [13, 15], namely, from a semiclassical perspective
[16, 17]. Nevertheless, it has been claimed that different operator orderings [17, 18, 19] can be related
to a chosen boundary condition [19]. Unfortunately, there is no general argument on how to resolve
this issue and therefore, proposals given in this regard are somewhat phenomenological [13]. In this
context, it may be relevant to point to the following. The classical theory of general relativity is
invariant under the group Diff(M) of diffeomorphism of the spacetime manifoldM, which leads to the
problem of observables [16]. On the other hand, the identification of a dynamical observable is related
to the issue of time [20, 21]. Let us be more concrete. The observables of a theory, according to Dirac
[22], are those quantities which have vanishing Poisson brackets at the classical level. Hence, at the
quantum level, they satisfy the appropriate quantum commutators in the presence of constraints. In
the ADM formalism, several constraints emerge: in particular, the primary constraints associated to
the canonical conjugate momentum of the lapse function and shift vector. Subsequently, secondary
constraints can be retrieved, namely the Hamiltonian or momentum constraints. Finally, all Dirac
observables are time independent.
Because the algebra of the theory is specified by the constraints, it may be thought that there is
a relation between the choice of the boundary condition (and then of the factor ordering [17, 18, 19])
and thus, the Dirac observables of the theory. More precisely, in Ref. [1] the Hamiltonian of a
closed Friedmann-Lamaˆıtre-Robertson-Walker (FLRW) universe filled with either dust or radiation
was found to be equivalent to the one-dimensional harmonic oscillator. The hidden symmetry of that
model su(1, 1), together with the gauge invariance of the Bargmann index with values { 14 , 34}, split
the underlying Hilbert space into two disjoint invariant subspaces; each corresponding to a different
choice of boundary condition. In a similar procedure, in Ref. [2] the u(1, 1) hidden symmetries
of the nonminimally coupled scalar field in a spatially flat universe, led to the Hamiltonian of that
model being described by a two-mode realization of the su(1, 1) algebra, which induces a degenerate
Bargmann index. Therein, the scale factor duality of that model together with time reversal, allows us
to specify the appropriate boundary conditions. Therefore, from the results conveyed in [1, 2], hidden
symmetries present in the Hamiltonian, in addition to the minisuperspace symmetries of the model
under investigation, suggest a process from which to select boundary conditions.
Herein, we extend the scope of [1, 2] towards a closed FLRW model nonminimally coupled to a
scalar field. The novel contribution brought in this paper is to provide a concrete procedure to relate,
in an intertwined manner, factor ordering and boundary conditions making use of the presence of a
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specific hidden symmetry and by means of a Dirac observable algebra. In Sec II, we present the model
that assists in our investigation. The quantization of the model and a boundary condition discussion
(in view of the retrieved Dirac observables as well as concrete factor-ordering choices) are analyzed in
detail in Sec III. A summary and discussion of our results is presented in Sec IV.
2 CLASSICAL SETTING
The action of general relativity nonminimally coupled to a scalar field is
S =
∫
d4x
√−g
[(
1
2κ
− ζ
2
φ2
)
R− 1
2
∂µφ∂
µφ− V (φ)
]
, (1)
where κ = 8piG with G being Newton’s gravitational constant and ζ is a dimensionless coupling
constant. One of the main reasons to include the nonminimal coupling in the action is that at the
quantum level, quantum corrections to the scalar field theory lead to the nonminimal coupling: the
scalar field theory in curved spacetime becomes renormalizable in the case of a nonminimal coupling
[23]. Furthermore, the recent Planck data [4] suggests for the early Universe a stage where a nonminimal
coupling may have had a suitable contribution. Different values of the nonminimal coupling have been
adopted [23, 24]. In metric theories of gravity, ζ = 0 (minimal coupling) or ζ = 16 (conformal coupling)
have been frequently employed [25]. In grand unified theories (GUTs), ζ depends on a renormalization
group parameter τ , and ζ(τ) converges to 1/6, ∞, or ζ0 as τ → ∞ [26]. In the standard model, the
Higgs fields have been associated to either ζ ≥ 1/6 or ζ ≤ 0 [27]. Herein, we adopt the special value
ζ = 16 with V = 0 which makes the physics of φ conformally invariant [28, 29].
In addition, we use a closed FLRW geometry, with the line element
ds2 = −N(t)2dt2 + a(t)2
(
dr2
1− r2 + dΩ
2
3
)
. (2)
Introducing the new variable φ˜ =
alpφ√
2
, where lp is the Planck length (8piG = 3lp
2), the Hamiltonian
for our model, corresponding to a two-dimensional minisuperspace, {a, φ˜}, is
H = N
[
−Πa
2
4a
+
Π
φ˜
2
4a
− a+ φ˜
2
a
]
, (3)
where Πa =
−2a˙a
N
, Π
φ˜
= −2
˙˜
φa
N
and ΠN = 0 are the canonical momenta conjugate to a, φ˜, and N ,
respectively. In the presence of the primary constraint ΠN = 0, the Hamiltonian can be generalized
by adding to it this primary constraint multiplied by arbitrary functions of time ξ. Then, the total
Hamiltonian will be
HT = N
[
−Πa
2
4a
+
Π
φ˜
2
4a
− a+ φ˜
2
a
]
+ ξΠN . (4)
The primary constraint must be satisfied at all times and therefore,
Π˙N = {ΠN ,HT } ≈ 0, (5)
which leads to the secondary (Hamiltonian) constraint,
H = N
[
−Πa
2
4a
+
Π
φ˜
2
4a
− a+ φ˜
2
a
]
≈ 0. (6)
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The existence of constraint (6) means that there are some degrees of freedom which are not physically
relevant. Hence, we can fix the gauge as N = a. Then, the Hamiltonian can be readily written as
H =
[
−Πa
2
4
+
Π
φ˜
2
4
− a2 + φ˜2
]
≈ 0. (7)
2.1 Reduced phase space and observables
According to Dirac, an observable is a function on the phase space which has weakly vanishing Poisson
brackets with the first-class constraints. A phase space function is a first-class constraint if its Poisson
bracket with all constraints weakly vanishes. In particular, general relativity is invariant under the
group of diffeomorphisms, the Hamiltonian can be expressed as a sum of constraints, and any observable
must commute with these constraints.
Therefore, in order to find the corresponding gauge invariant observables of our model in (1) -(2),
we define the complex valued functions S = {K0,K±, J0, J±} on the unconstrained phase space Γ in
R
6. More concretely, {K0,K±} are the complex valued functions for the gravitational sector of the
Hamiltonian, and are defined as{
K0 =
1
4
(
a2 +Π2a
)
,
K± = 14
(
a2 −Π2a ∓ i (aΠa + Πaa)
)
,
(8)
with the following closed Poisson algebra
{K0,K±} = ∓iK±, {K+,K−} = 2iK0. (9)
Moreover, we have the complex valued functions {J0, J±} for the scalar field part asJ0 =
1
4
(
Π2
φ˜
+ φ˜2
)
,
J± = 14
(
φ˜2 −Π2
φ˜
∓ i
(
φ˜Π
φ˜
+Π
φ˜
φ˜
))
.
(10)
They satisfy the following closed algebra
{J0, J±} = ∓iJ±, {J+, J−} = 2iJ0. (11)
Using (8) and (10) the Hamiltonian constraint (7) becomes
H = 4 (K0 − J0) ≈ 0, (12)
which shows that J0 and K0 are not independent. Since the Poisson brackets of all above observables
of the phase space and the Hamiltonian vanish, i. e., {H,K0} = {H,K±} = {H, J0} = {H, J±} = 0,
their values on the constraint surface are constants of motion. Furthermore, for the gravitational part,
if we define the central element of the algebra as
K2 :=
1
2
K20 −
1
4
(K+K− +K−K+) , (13)
then, by inserting the definitions displayed in expressions (8) into Eq. (13), we can easily show that
on the constraint surface H ≈ 0, the K’s are not algebraically independent but satisfy the identity
K2 = − 3
16
. (14)
Similarly, for the scalar field part, we introduce
J2 := 12J
2
0 − 14 (J+J− + J−J+) . (15)
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Using definitions (10) in Eq.(16), the J ’s satisfy the identity
J2 = − 3
16
. (16)
Obviously, K2 and J2 have strongly vanishing Poisson brackets with the Hamiltonian and their values
are constant of motion. Note that by means of the three constraints (12), (16), and (14), three of the
S = {K0,K±, J0, J±} are independent on the phase space.
In this paper, we follow the argument that the (Dirac) observables are characterized by having
weakly vanishing Poisson brackets with first-class constraints [22]. Another approach that we have not
considered in our paper has been promoted in [30], by means of which observables, in general, should
have vanishing Poisson brackets with the gauge generators. However, by assuming Dirac’s suggestion
that gauge generators are the first-class constraints, in our case study the appropriate gauge generator
to be contemplated for the action (1) reduces to (4), and the observables determined here in our paper
are consistent within the approach we took.
3 QUANTUM COSMOLOGY
A quantum state1 for the FLRW universe (1) -(2) can be obtained from the WDW equation. With
HΨ(a, φ˜) = 0 and Π2a ≡ −a−q ∂∂a
(
aq ∂
∂a
)
, Π
φ˜
= −i ∂
∂
φ˜
, we write the WDW equation as[
a−q
∂
∂a
(
aq
∂
∂a
)
− a2 −
{
∂2
∂φ˜2
− φ˜2
}]
Ψ(a, φ˜) = 0. (17)
An important point to note is a factor-ordering ambiguity, by means of the power q in the first term,
which can arise through the canonical quantization procedure [16, 17]. One factor-ordering choice
(among several possibilities) is the natural ordering, which induces a Laplace-Beltrami operator in the
minisuperspace [13]. The existence of arbitrary possible choices for the factor ordering is a relevant
issue in quantum cosmology. In what follows, we will adopt the general factor-ordering introduced
above in (17), and we will show that within this specific factor-ordering structure, some choices can be
selected for the algebra of observables of the model. Then they can be subsequently associated with
a boundary condition selection, extracted from an analysis of the hidden symmetries present in the
model. Rewriting the wave function as a
−q
2 Ψ(a, φ˜), the WDW equation (17) simplifies to[
∂2
∂a2
−
{
∂2
∂φ˜2
− φ˜2
}
− a2 − β
a2
]
Ψ(a, φ˜) = 0, (18)
where β = q(q−2)4 is a parameter representing the operator ordering ambiguity in the first term of
Eq. (17) [31]. The WDW equation for a conformally coupled FLRW cosmology is a very special
case for which we can separate completely the scalar field part from the gravitational sector, i. e.,
H = Ha ⊕ Hφ˜. For the conformal scalar field part, with a separation constant En, we have[
− ∂
2
∂φ˜2
+ φ˜2
]
Φn(φ˜) = EnΦn(φ˜). (19)
The solution to the above equation is{
Φn(φ˜) = NnHn(
√
2φ˜)e−
φ˜2
2 ,
En = 2n+ 1, n = 0, 1, 2, ...,
(20)
1In our paper, we take ~ = 1.
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where Hn is an Hermite polynomial of order n, and Nn is a integration constant. For the gravitational
sector we have [
− d
2
da2
+ a2 +
q(q − 2)
4a2
]
ψn′(a) = E¯n′ψn′(a), (21)
The solution to the above equation is [33, 34]{
ψγn′(a) = N γn′ aγ+1e−
1
2
a2L
γ+ 1
2
n′ (a
2),
E¯γn′ = 4(n
′ + 14 − γ2 ), n′ = 0, 1, 2, . . . ,
(22)
where L
γ+ 1
2
n′ as generalized Laguerre polynomials of degree n
′ [32],
N γn′ = (−1)n
′
(
n′!
Γ(n′ + γ + 32 )
) 1
2
, (23)
is a normalization coefficient and γ = 12 (−1± |1− q|). It is obvious that for the specific choice of γ = 0
(equivalent to q = 0 or q = 2) the WDW equation consists of two harmonic oscillators with opposite
signs [33] which are regular everywhere. The Hamiltonian constraint for the conformally coupled scalar
field (6) leads to
2n− 4n′ = q. (24)
3.1 Hidden symmetries and boundary conditions
In order to determine the wave function of the Universe, given the mathematical nature of the WDW
equation, boundary conditions must be imposed. A singularity is present at t = 0 and physically
relevant configurations require that the scale factor, a, is positive. Hence, the configuration space for
the gravitational sector is the half-line (0,∞). Thus, the corresponding Hilbert space related to Ha is
L2(0,∞), with the following inner product
〈ψ1, ψ2〉 =
∫ ∞
0
ψ†1(a)ψ2(a)da. (25)
However, the operator Ha = − d2da2 + a2 + q(q−2)4a2 defined on C∞0 (0,∞) is not necessarily self-adjoint.
To have a self-adjoint Hamiltonian, it is necessary to have simultaneously ψ(0+) = 0 and dψ
da
(0+) = 0,
or the domain of Ha should be restricted to the domains [35],
Dα = {ψ ∈ H2a(0,∞)|
dψ
da
(0+) = αψ(0+)}, (26)
where α ∈ R and H2a(0,∞) denote the Sobolev space with the wave functions ψ ∈ L2(0,∞) with
ψ ∈ C1(0,∞), continuous dψ
da
, d
2ψ
da2
∈ L2(0,∞), and Ha[ψ] ∈ L2(0,∞). Note that for simultaneously
vanishing ψ(0+) and dψ
da
(0+), the equation dψ
da
(0+) = αψ(0+) will be trivial. In [14], the simple cases
of α = 0 and α =∞ have been used. Moreover, it is argued in [36] that this arbitrary constant would
be a new fundamental physical constant and in order to avoid such a constant, α is required to be zero.
However, α can be determined in the context of a hidden dynamical symmetry being present. The
lowering and raising operators for the WDW equation (21) can be built using a factorization method
[38]. Let us start with the WDW equation (21) and rewrite it as a one-dimensional Schro¨dinger
equation {
Hγψγn′ = E¯
γ
n′ψ
γ
n′ ,
Hγ := − d2
da2
+ a2 + γ(γ+1)
a2
,
(27)
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where γ = 12 (−1± |1− q|). Introducing the first-order differential operators{
Cγ :=
d
da
+ a+ γ
a
,
C†γ := − dda + a+ γa ,
(28)
we obtain the following supersymmetric partner Hamiltonians [5, 40]:{
h+ := CγC
†
γ = H
γ + 2γ − 1,
h− := C†γCγ = H
γ−1 + 2γ + 1.
(29)
Then, the Hamiltonians h+ and h− have the same energy spectrum except the ground state of h+{
h+ψ
γ
n′ = (E¯
γ
n′ + 2γ − 1)ψγn′ ,
h−ψ
γ−1
n′−1 = (E¯
γ−1
n′−1 + 2γ + 1)ψ
γ−1
n′−1 = (E¯
γ
n′ + 2γ − 1)ψγ−1n′−1.
(30)
This symmetry is called shape-invariant symmetry [40]. The shape-invariant condition (30) is equiva-
lent to
CγC
†
γ − C†γ−1Cγ−1 = 4. (31)
We see that changing the order of operators C†γ and Cγ leads to a shift in the value of γ. The above
discussion shows that the different factor-orderings of the WDW equation are related through shape-
invariance features. It is well known that the shape-invariant potentials are easy to deal with if lowering
and raising operators, just as for the harmonic oscillator, are employed. However, as the commutator
of Cγ and C
†
γ does not yield a constant value, namely,
[Cγ , C
†
γ ] = 2
(
1− γ
a2
)
, (32)
these operators are not suitable. To establish a suitable algebraic structure, according to [38], we assume
that replacing γ with γ − 1 in a given operator can be achieved with a similarity transformation,
TOγ(a)T † = Oγ−1(a). (33)
Hence, we introduce the following operators
A :=
1
2
CγT
†, A† :=
1
2
TC†γ , N :=
1
4
C†γCγ =
1
4
h+, (34)
which lead us to the simple harmonic oscillator algebra
[A,A†] = 1, [N,A] = −A, [N,A†] = A†. (35)
Therefore, the action of these operators on normalized eigenfunctions will be
Aψγn′ =
√
n′ψγn′−1, A
†ψγn′ =
√
n′ + 1ψγn′+1, Nψ
γ
n′ = n
′ψγn′ . (36)
The last equation in (36) gives E¯γn′ = 4(n
′ − γ2 + 14 ) which is in agreement with the energy spectrum
obtained by direct solving of WDW in Eq. (22). Let us now obtain α for the case of γ = 0 (equivalently
q = 0 or q = 2), for which the above generalized ladder operators reduce to the simple harmonic ladder
operators. In this case, the equation Aψγn′ =
√
n′ψγn′−1 at the vicinity of singularity will be(
d
da
ψn′(a) + aψn′(a)
)
|a→0+ = 2
√
n′ψ(a)|a→0+ . (37)
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Now, inserting condition (26) into this equation gives
(α + a)ψn′(a)|a→0+ = 2
√
n′ψn′−1(a)|a→0+ . (38)
The wave function in this case is an Hermite polynomial of order n′ and for even values of the quantum
number n′, ψn′(0+) 6= 0 and ψn′−1(0+) = 0. Consequently, for the even values of n′, Eq. (38) gives
α = 0. On the other hand, for the odd values of quantum number n′, ψn′(0+) = 0 and ψn′−1(0+) 6= 0,
which gives 1/α = 0 or α =∞. From the above possibilities, the behavior of a given wave packet can
be investigated, namely, near the singularity. Thus it can be proposed that the wave function vanishes
at the singularity, i.e., (De Witt or Dirichlet boundary proposal)
Ψ(a, φ˜)|a=0 = 0, (39)
or, as proposed in [36, 37], one can employ instead the Neumann boundary condition
∂Ψ
∂a
|a=0 = 0. (40)
Let us now return to the general case at the presence of factor ordering, γ 6= 0. Because of the
simultaneous vanishing of wave function (22) and its first derivative at the singularity, ψγn′(0
+) = 0 =
dψγn′/da(0
+), the equation dψ
da
(0+) = αψ(0+) is trivial and it does not gives us any specific value for α.
3.2 Hidden symmetries, factor ordering, and Hilbert space
The Universe is considered as a whole in quantum cosmology; i.e., there is nothing external to the
Universe. In this respect, an independent physical law may define appropriate boundary conditions
[39]. Or, as we discuss herein, symmetries of the cosmological model under investigation may suggest
arguments for that selection [1, 2]. Indeed, from the hidden symmetries present in our model, we can
extract different types of boundary conditions. To this aim, we employ the Dirac observables of the
cosmological model. Let us be more clear. Notice that the Poisson bracket algebra associated with
the sets (8) and (10) can be promoted into a su(1, 1) algebra [41], making use of the factor-ordering
possibility that characterizes the gravitational sector of the Hamiltonian, whereas regarding the scalar
field part, it remains unchanged. For the gravitational sector we can, therefore, writeK0 =
1
4
[
− d2
da2
+ q(q−2)4a2 + a
2
]
,
K± = 14
[
d2
da2
− q(q−2)4a2 + a2 ∓ 2
(
a d
da
+ 12
)]
,
(41)
with the following commutation relations:
[K+,K−] = −2K0, [K0,K±] = ±K±. (42)
The action of the above generators on a set of basis eigenvectors |k, l〉 is given by
K0|k, l〉 = (k + l)|k, l〉,
K+|k, l〉 =
√
(2k + l)(l + 1)|k, l+ 1〉,
K−|k, l〉 =
√
l(2k + l − 1)|k, l − 1〉.
(43)
For the scalar field part, we have [1]
[J+, J−] = −2J0, [J0, J±] = ±J±. (44)
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Defining eigenvectors |j,m〉 as the eigenvectors of J0, the actions of the above generators are
J0|j,m〉 = (j +m)|j,m〉,
J+|j,m〉 =
√
(2j +m)(m+ 1)|j,m+ 1〉,
J−|j,m〉 =
√
m(2j +m− 1)|j,m− 1〉.
(45)
The above commutation relations represent the Lie algebra of su(1, 1). The spectrum of eigenvalues
of this Lie algebra constitutes a discrete series of positive quantities and is labeled by the Bargmann
indices k and j, which are positive real numbers, i.e., k > 0 and j > 0, where m and l are non-negative
integers. Moreover, the Casimir operator for the gravitational part is defined as [33]{
K2 := K20 − 12 (K+K− +K−K+),
K2|k, l〉 = k(k − 1)|k, l〉, (46)
with the following commutation relations[
K2,K0
]
= 0,
[
K2,K±
]
= 0. (47)
And for the scalar field part, the corresponding Casimir operator is{
J2 := J20 − 12 (J+J− + J−J+),
J2|j,m〉 = j(j − 1)|j,m〉, (48)
with the commutation relations as [
J2, J0
]
= 0,
[
J2, J±
]
= 0. (49)
Thus, the irreducible representation of these two su(1, 1) Lie algebras is determined by the numbers j
and k and the eigenstates of {J2,K2, J0,K0}. Furthermore, the Hamiltonian can be written as
H = 4 (K0 − J0) , (50)
which means that the Casimir operator commutes with the Hamiltonian
[K2, H ] = 0, [J2, H ] = 0. (51)
Since, K2, K0, J
2 and J0 commute with the Hamiltonian, they leave the physical Hilbert space VH
invariant. Consequently, we choose {K0,K2, 1} for the gravitational section and {J0, J2, 1} for the
scalar field part, as physical operators of the model.
For the scalar field part, according to the definition (10), the Casimir operator of su(1, 1) reduces
to J2 = j(j − 1) = − 316 . Hence, the Bargmann index j = { 14 , 34} is a gauge-invariant observable of the
quantum cosmological model. Furthermore, from (19), (45) and (50) we obtain
En = 4(j +m). (52)
Therefore, the scalar field sector of the Hilbert space, by means of the Hamiltonian constraint, can
be classified in terms of the Bargmann index, allowing us to establish two invariant odd and even
subspaces: {
Ej= 3
4
,m = 2
(
2m+ 1 + 12
)
, VH
φ˜
,j= 3
4
= {| 34 ,m〉},
Ej= 1
4
,m = 2
(
2m+ 12
)
, VH
φ˜
,j= 1
4
= {| 14 ,m〉}.
(53)
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Similarly for the gravitational sector: using definitions (46), the Casimir operator of the gravitational
part reduces identically to K2 = k(k−1) = 116 (q + 1) (q − 3). Thus the Bargmann index k = { 12− 14 |1−
q|, 12 + 14 |1 − q|} is a gauge-invariant observable of the quantum cosmological model. The Bargmann
index must be positive and real valued, which restricts q to lie in the interval
− 1 6 q 6 3. (54)
Thus, the factor-ordering parameter q is determined through the Bargmann indices, which are ob-
servables of our model. In particular, q = 1 is the covariant ordering used by Isham [20]. Although
there exists an infinity of possibilities of factor ordering regarding (17), the symmetries of the model
constrain the values for factor ordering as explored above.
In addition, from (22), (45) and (50) we obtain
E¯γn′ = 4(k + l). (55)
Moreover, the gravitational sector of the Hilbert space can be classified in terms of the Bargmann
index as {
E¯n′,q = 4(l+
1
2 − 14 |1− q|), VHa,k= 12− 14 |1−q| = |
1
2 − 14 |1− q|, l〉,
En′,q = 4(l+
1
2 +
1
4 |1− q|), VHa,k= 12+ 14 |1−q| = |
1
2 +
1
4 |1− q|, l〉.
(56)
The states of the Hilbert space can be classified as
VH=0 = VHa ⊗ VHφ˜ . (57)
Therefore, the gauge invariance of the Bargmann indices implies a partition of the Hilbert space into
four disjointed invariant subspaces.
4 SUMMARY AND DISCUSSION
In general, the wave function retrieved from the WDW equation with appropriate boundary conditions
should describe the Universe. An interesting approach has been provided in [1, 2], where boundary
proposals can be selected by means of a careful analysis of the algebra associated with the Dirac
observables. In Ref. [1], a closed FLRW universe filled with either dust or radiation was considered,
in which, the Hamiltonian of that model is equivalent to a one-dimensional simple harmonic oscillator.
The su(1, 1) hidden symmetry of that model with the set of gauge-invariant of the Bargmann values
{ 14 , 34} split the underlying Hilbert space into two disjoint invariant subspaces. These subspaces were
shown to be corresponding to different choice of boundary conditions. In Ref. [2], with a similar
procedure, the hidden symmetries present in a pre-big bang model were identified, namely, u(1, 1)
together with time reversal and parity. These lead to the Hamiltonian of the model being equivalent to
an oscillator-ghost-oscillator system. The two-mode realization of the su(1, 1) algebra, together with
the Hamiltonian constraint implied a degenerate Bargmann index. However, the scale factor duality
of that model plus time reversal, still allowed boundary conditions to be selected.
In this paper, we considered a conformally coupled scalar field in a closed Friedmann universe. The
WDW equation is separated into a scalar field part plus the gravitational sector. We made use of the
corresponding phase space quantization of the Casimir operator, as an operator which commutes with
the Hamiltonian. We further showed that the Bargmann indices are gauge-invariant observables of the
quantum cosmological model. From the vanishing of the commutator of the su(1, 1) generator with
the Hamiltonian of the system, in addition to the gauge invariance of the Bargmann indices, we found
it possible to select the wave function of the Universe. In other words, our proposed framework [1, 2]
applied to the model in Sec II, implied a specific set of boundary conditions, to which a selection of
the factor ordering as an observable was also admissible.
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More concretely, the Hamiltonian of our model consists of a one-dimensional simple harmonic
oscillator for the scalar field part and a one-dimensional simple harmonic oscillator an inverse square
potential arose from the factor ordering for the gravity sector. The Hamiltonian has the su(1, 1) hidden
symmetry with the set of gauge-invariant Bargmann values { 14 , 34} and { 12 (1+ 12 |1−q|), 12 (1− 12 |1−q|)}
for the scalar field part and the gravitational sector, respectively. These split the underlying Hilbert
space into four disjoint invariant subspaces. The factor-ordering parameter q is subsequently specified
through the admissible gauge invariant Bargmann indices.
Finally, we must emphasize the following:
1. Our results are retrieved on a very restrictive scenario: a homogeneous and isotropic cosmological
model, with a very particular coupling between gravity and matter, which enables those sectors
to be separated in the WDW equation (cf. Sec. III). It would be interesting to establish if a
similar (or at least somewhat related) intertwining pattern emerges in other models (e.g., within
a minisuperspace, in particular with perturbation modes obtained from φ˜).
2. The issues of initial condition choice and Dirac observables, have been discovered in [42, 43].The
problem of time is analyzed through relational observables in the model based on constructing
the decoherence functional for WDW quantization [42]. We hope to extend the analysis presented
here and explore the implication of our analysis within the results of [42, 43] in future works.
Specifically, it may be worthy to investigate the similarities between Dirac observables presented
in Eqs. (41)-(48) with respect to the (relational) Dirac observables presented in [43].
3. If the hidden symmetries of the full WDW equation for quantum gravity could be established,
this would allow us to extend the framework in this paper towards a wider context. Although the
underlying approach in our paper is tied to concrete models bearing characteristic symmetries,
it may nevertheless suggest valuable insights toward discussing the WDW equation in broader
settings.
4. Finally, it is curious that within our analysis the issue of shape invariance, which is a fea-
ture present in some approaches of supersymmetric quantum mechanics [40], has emerged to be
employed. Although bearing in mind the gap between supersymmetric field theories [44] and
supersymmetric quantum mechanics [40] (a somewhat reduced toy model for the former), if any
evidence is advanced in the future to support supersymmetry, then it will be interesting to con-
sider how boundary conditions, factor-ordering, and hidden symmetries become intertwined in a
manner that a supersymmetry somehow can be made to appear in the discussion.
Acknowledgments This work was supported in part by the grant PEst-OE/MAT/UI0212/2014.
References
[1] S. Jalalzadeh and P. V. Moniz, Phys. Rev. D 89, 083504 (2014).
[2] S. Jalalzadeh, T. Rostami, and P. V. Moniz, Eur. Phys. J. C, 75, 38 (2015).
[3] A. H. Guth, Phys. Rev. D 23, 347 (1981).
[4] L. Boubekeur, E. Giusarma, O. Mena, and H. Ramrez, Phys. Rev. D, 91, 103004 (2015).
[5] P. V. Moniz, Quantum Cosmology-The Supersymmetric Perspective, (Vol. 1, Lecture Notes in
Physics, 803 (Springer-Verlag, Berlin, 2010).
[6] C. Kiefer, Quantum Gravity, (Oxford University Press, New York, 2012), 3rd edition.; K.
Kiefer, Lecture Notes in Physics 541: Towards Quantum Gravity, edited by J. Kowalski-Glikman
(Springer-Verlag, Berlin, 2000); C. Kiefer, Ann. Phys. (N.Y.) 15, 129 (2005).
11
[7] R. Arnowitt, S. Desser, and C. W. Misner, An introduction to current research, edited by L.
Witten, (Wiley, New York, 1962).
[8] C. Kiefer, ISRN Math. Phys. 2013, 509316 (2013).
[9] A. Vilenkin, Phys. Rev. Lett 74, 846 (1995).
[10] J. B. Hartle, arXiv:gr-qc/ 9601046.
[11] S. W. Hawking, Nucl. Phys. B239 257 (1984).
[12] A. Vilenkin, Phys. Lett. B 117 25 (1982).
[13] B. S. DeWitt, Phys. Rev 160, 1113 (1967).
[14] V. G. Lapchinsky and V. A. Rubakov, Theor. Math. Phys. 42, 23 (1980) [Teor. Mat. Fiz. 42, 37
(1980)].
[15] A. Vilenkin, Phys. Rev. D 58, 067301 (1998); A. Vilenkin, Phys. Rev. D37, 888 (1988).
[16] M. Bojowald and D. Simpson, Classical Quantum Gravity 31, 185016 (2014); C. Kiefer, Lect.
Notes Phys. 434, 170 (1994).
[17] J. Louko, Ann. Phys. (N.Y.) 181, 318 (1988).
[18] A. O. Barvinsky, Phys. Rep. 230, (1993); D. L. Wiltshire, Published in Cosmology: the Physics
of the Universe, edited by B. Robson, N. Visvanathan, and W.S. Woolcock (World Scientific,
Singapore, 1996).
[19] N. Kontoleon and D. L. Wiltshire, Phys. Rev. D 59, 063513 (1999); D. L. Wiltshire, Gen. Relativ.
Gravit. 32, 515 (2000).
[20] C. J. Isham, Integrable systems, quantum groups, and quantum field theories, in Proceedings of
the NATO institute, Salamanaca, 1992 arXiv:gr-qc/ 9210011.
[21] T. P. Shestakova and C. Simone, Grav. Cosmol. 10, 161 (2004); L. A. Ibort and M. A. Rodr´ıguez,
(Kluwer, Dordrecht, The Netherlands, 1993), P. 157287; E. Anderson, Ann. Phys. (Berlin) 524,
757 (2012); M. Bojowald, P. A. Ho¨hn, and A. Tsobanjan, Classical. Quantum Gravity, 28, 035006
(2011); C. Rovelli, Phys. Rev. D 43, 442 (1991).
[22] P. A. M. Dirac, Lectures on Quantum Mechanics, Belfere Graduate school of Science (Yeshiva
university Press, New York, 1964); T. P. Shestakova and C. Simone, Grav. Cosmol. 10, 161
(2004); L. A. Ibort and M.A. Rodr`ıguez, Eds, 409, 157287, Kluwer, Dordrecht, (The Netherlands,
1993); E. Anderson, Ann. Phys, 524, 757 (2012); M. Bojowald, P. A. Ho¨hn, and A. Tsobanjan,
Classical. Quantum Gravity, 28, 035006 (2011); C. Rovelli, Phys. Rev. D 43, 442 (1991).
[23] C. G. Jr. Callan, S. Coleman, R. Jackiw, Ann. Phys (N. Y.) 59, 42 (1970); L. H. Ford, and D. J.
Toms, Phys. Rev. D 25, 1510 (1982); L. H. Ford, Phys. Rev. D35, 2955 (1987).
[24] M. Natsuume, T. Okamura, and M. Sato, Phys. Rev. D 61, 104005 (2000); A. Barroso,
J. Casasayas, P. Crawford, P. Moniz and A. Nunes, Phys. Lett. B 275, 264 (1992); P Moniz, P
Crawford and A Barroso, The Physical Universe: The Interface Between Cosmology, Astrophysics
and Particle Physics (Springer, Berlin 1991).
[25] S. Sonego and V. Faraoni, Classical. Quantum. Gravity 10, 1185 (1993); V. Faraoni, Phys. Rev.
D 53, 6813 (1996); V. Faraoni Gen. Relativ. Gravit. 29 251 (1997); A. A. Grib and E. A. Poberii,
Helv. Phys. Acta, 68, 380 (1995); A. A. Grib and W. A. Rodrigues, Grav. Cosmol. 1, 273 (1995).
12
[26] I.L. Buchbinder and S.D. Odintsov, Sov. J. Nucl. Phys. 40, 848 (1983); I.L. Buchbinder and S.D.
Odintsov, Lett. Nuovo Cimento 42, 379 (1985); I.L. Buchbinder, Fortschr. Phys. 34, 605 (1986);
I.L. Buchbinder, S.D. Odintsov and I.L. Shapiro, in Group-Theoretical Methods in Physics, edited
by M. Markov (Nauka, Moscow, 1986); I.L. Buchbinder, S.D. Odintsov and I.M. Lichtzer, Classical.
Quantum. Gravity. 6, 605 (1989); S.D. Odintsov, Fortschr. Phys. 39, 621 (1991); T.S. Muta and
S.D. Odintsov, Mod. Phys. Lett. A 6, 3641 (1991); E. Elizalde and S.D. Odintsov, Phys. Lett. B
333, 331 (1994); I.L. Buchbinder, S.D. Odintsov and I.L. Shapiro, Effective Action in Quantum
Gravity(Institute of Physics, Bristol, 1992).
[27] Y. Hosotani, Phys. Rev. D 32, 1949 (1985).
[28] R. Kallosh, A. Linde, J. Cosmol. Astropart. Phys, 06, (2013) 027.
[29] V. Faraoni, Cosmology in scalar-tensor gravity (Kluwer, Dordrecht, Netherlands, 2004).
[30] J. B. Pitts, Stud. Hist. Philos. Mod. Phys. 47, 68 (2014).
[31] S. P. Kim, Phys. Rev. D 46, 7 (1992).
[32] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions (Dover, New York, 1965).
[33] S. P. Kim, J. Korean Phys. Soc. 28, 7 (1995).
[34] P. M. Morse and H. Feshbach, Methods of Theoretical Physics I (McGraw-Hill, New York, 1953).
[35] N. A. Lemos, J. Math. Phys. 37, 1449 (1996); M. J. Gotay and J. Demaret, Phys. Rev. D 28, 2402
(1983); F. G. Alvarenga, J. C. Fabris, N. A. Lemos, and G. A. Monerat, Gen. Relativ. Gravit. 34
651 (2002); G.A. Monerat, E.V.C. Silva, G. Oliveira-Neto, L.G.F. Filho, N.A. Lemos, Phys. Rev.
D 73 044022 (2006); P. Pedram, S. Jalalzadeh and S.S. Gousheh, Int. J. Theor. Phys. 64 3201
(2007).
[36] F. J. Tipler, Phys. Rep. 137, 231 (1986).
[37] P. Pedram and S. Jalalzadeh, Phys. Rev. D 77, 123529 (2008); P. Pedram and S. Jalalzadeh,
Phys. Lett. B 659, 6 (2008).
[38] A. B. Balantekin, Phys. Rev. A 57, 4188 (1998); W. S. l’Yi, Phys. Rev. A 53, 1251 (1996);
E. Drigo Filho and M. A. Candido Ribeiro, Phys. Scripta 64, 548 (2001).
[39] J. B. Hartle, Proceeding of the 11th Nishinomiya Yukawa Symposium, edited by K. Kikkawa, H.
Kunitomo, and H. Ohtsubo, (World Scientific, Singapore, 1997).
[40] F. Cooper, A. Khare and U. Sukhatme, Supersymmetry and quantum mechanics, (World Scientific,
Singapore, 2001).
[41] R. F. Bishop and A. Vourdas, J. Phys. A 20, 37279, (1987); C. C. Gerry and R. Grobe, Phys.
Rev. A, 51, 4123 (1995).
[42] D. A. Craig and P. Singh, Phys. Rev. D 82, 123526 (2010).
[43] A. Ashtekar, A. Corichi, and P. Singh, Phys. Rev. D 77, 024046 (2008).
[44] M. Dine, Supersymmetry and string theory: Beyond the standard model, (Cambridge, England,
Cambridge University. Press, 2007).
13
